In 1965, Vizing proved that every planar graph G with maximum degree ∆ ≥ 8 is edge ∆-colorable. It is also proved that every planar graph G with maximum degree ∆ = 7 is edge ∆-colorable by Sanders and Zhao, independently by Zhang. In this paper, we extend the above results by showing that every K 5 -minor free graph with maximum degree ∆ at least seven is edge ∆-colorable.
Introduction
All graphs considered in this paper are finite, undirected and simple. Let G be a graph.
We use V (G), E(G), ∆(G) and δ(G) (or simply V, E, ∆ and δ) to denote the vertex set, the edge set, the maximum degree and the minimum degree of G, respectively. For a vertex v ∈ V (G), let N G (v) = {u ∈ V (G) | uv ∈ E(G)} be the set of neighbors of v. Furthermore, let N G (X) = u∈X N G (u)\X for a subset X ⊆ V (G). A k-cycle is a cycle of length k. A 3-cycle is also said to be a triangle.
An edge k-coloring of a graph G is an assignment of k colors 1, 2, · · · , k to the edges of G such that no two adjacent edges receive the same color. The minimum integer k such that G admits an edge k-coloring is called the chromatic index of G and is denoted by χ ′ (G). For any graph G, it is obviously that χ ′ (G) ≥ ∆(G). Vizing [7] and Gupta [2] independently proved that χ ′ (G) ≤ ∆(G) + 1. This leads to a natural classification of graphs into two classes. A graph is said to be class 1 if χ ′ (G) = ∆(G) and of class 2 if χ ′ (G) = ∆(G) + 1.
The problem of deciding whether a graph is class 1 or class 2 is NP-hard, see Holyer [3] .
It is reasonable to consider the problem for some special classes of graphs, such as planar graphs. In [9] , Vizing gave some examples of planar graphs with maximum degree at most five which are of class 2. He also proved that any planar graph with maximum degree at least eight is of class 1 [8] . Planar graphs with maximum degree seven are of class 1 are 2 Structural properties of K 5 -minor free graphs Before proceeding, we introduce some notation. Let G be a planar graph which is embedded in the plane. Denote by F (G) the face set of G. For a face f ∈ F (G), the degree d(f ) of f is the number of edges incident with it, where each cut-edge is counted twice. A k-face, k − -face and k + -face (resp. k-vertex, k − -vertex and k + -vertex ) is a face (resp. vertex) of degree k, at most k and at least k, respectively. Then there is a vertex x ∈ V (H) satisfying at least one of the following conditions.
(1) x is adjacent to two vertices y, z of H such that d G (z) < 16 − d G (x) − d G (y) and xz is incident with at least d G (x) + d G (y) − 9 triangles not containing y;
and vwx, xyz are triangles;
Proof. The proof is carried out by contradiction. Let G be a counterexample to the lemma. By Euler's formula |V | − |E| + |F | = 2, we have that
We define ch to be the initial charge by letting ch(
Thus, we have
Denote by X = V (H). We define a hi-vertex of G to be a 7-vertex in X or a vertex in
Now we define the discharging rules as follows.
R1. Let f be a face of G and x be a vertex incident with f .
Y , then f 0 sends 6 to x; Otherwise let Z be the set of vertices adjacent to x and incident with f 0 . If |Z\Y | = 1, then f 0 sends 1 to
x. If |Z\Y | = 2, then f 0 sends 2 to x. R1.2. Suppose that f ( = f 0 ) is a 4 + -face. Firstly, f sends 1 2 to each of its incident vertices. Then for each incident hi-vertex v of f , v sends 1 4 
. If x is adjacent to a 5-vertex z ∈ X, then for each 7-vertex y ∈ N X (x), y sends 2 3 to x, otherwise for each 6-vertex y ∈ N X (x), y sends 2 5 to x and for each 7-vertex y ∈ N X (x), if xy is incident with two 3-faces, then y sends 3 5 to x, otherwise y sends 1 5 to x.
R2.4. Suppose that d G (x) = 5. If x is adjacent to a 4-vertex z ∈ X, then for each 7-vertex y ∈ N X (x), y sends 1 3 to x, otherwise for each 6 + -vertex y ∈ N X (x) such that xy is incident with two 3-faces, if xy is incident with exactly one (5, 5, 7)-face, then y sends 2 5 to x, otherwise y sends 1 5 to x.
R2.5. Suppose that d G (x) = 6. If x is adjacent to a 3-vertex z ∈ X, then for each 7-vertex y ∈ N X (x)\N X (z), y sends 1 3 to x, otherwise for each 7-vertex y ∈ N X (x) such that xy is incident with two 3-faces, if xy is not incident with two (6, 7, 7)faces, then y send 1 5 to x.
Let ch ′ (x) be the new charge according to the above discharging rules for each x ∈ V F (G).
Since our rules only move charges around and do not affect the sum, we also have that
In the following, we shall show that ch ′ (x) ≥ 0 for each x ∈ V F (G) and
to obtain a contradiction.
Let f be a face of G. Suppose that f = f 0 . R1.1 is equivalent to that for any y ∈ Y , there is a vertex incident with f 0 receives nothing from f 0 . So
If v ∈ Y , then ch ′ (v) ≤ ch(v) + 6 − d(v) = 0 by R1.1 and R2.1. So in the following, assume that v ∈ X. We consider the following two cases.
Then δ X (v) ≥ 6 and at most one vertex in
is incident with two 3-faces and a 4 + -face f . If there is a 6-vertex u ∈ N X (v) and uv is incident with f , then v receives 3 4 from f by R1.2, 1 from u, at least 1 2 from its adjacent hi-vertex incident with f , 1 from another adjacent hi-vertex which is not incident with f by R2.1 and R2.2, and it follows that
Otherwise v receives 1 from f by R1.2, at least 1 2 from each of its adjacent hi-vertices incident with f , 1 from another adjacent vertex which is not incident with f by R2.1 and R2.2, and it follows that
If v is incident with at least two 4 + -faces, then v receives totally at least 3 4 × 2 from its incident faces by R1.2, v receives totally at least 1 2 × 3 from its adjacent vertices by R2.1 and R2.2, and it follows that
Then δ X (v) ≥ 5 by (b). If there is a 5-vertex in N X (v), then v is adjacent to three hi-vertices of G by (d), and then ch
and v is adjacent to at least two hi-vertices of G. For each adjacent hi-vertex u of v, if uv is incident with two 3-faces, then u sends at least 3 5 to v by R2.1 and R2.3; Otherwise u sends at least 1 5 to v by R2.1 and R2.3. Let f be some 4 + -face incident with uv. By R1.2, u also sends 1 4 to v and f sends 1 2 to v. We can split a half of the 1 2 to u, that is, it is thought that u sends
Then
then v is adjacent to four 7-vertices by (d) and it
Then v is adjacent to at least three 7-vertices
by (1) and uv is incident with a (5, 5, 7)-face, so ch ′ (v) ≥ ch(v) + 1 5 × 3 + 2 5 = 0 by R2.4.
Suppose that there is a 3-vertex u ∈ N X (v). Then v is adjacent to at least five hi-vertices of G by (d) and at least three of these hi-vertices are not adjacent to u.
then v sends nothing out and it follows
, vv i and vv i+1 are incident with the face f i for any 1 ≤ i ≤ 5 and vv 6 and vv 1 are incident with the face f 6 . Suppose that
Then v is adjacent to at least four hi-vertices by (d) and v sends at most 2 5 to each adjacent 5 − -vertex by R2. 3 and R2.4 
, then vv j is incident with two 4 + -faces by (d) and (1), and it follows that v sends at most 2 5 
Since v is adjacent to at least four hi-vertices, j < k − 1. By R2.5, v j sends 1 5 to v, v k sends 1 5 to v and it follows that
and v sends at most 1 5 
Then v j and v k send 1 5 × 2 to v and it follows that
If there is a 7-vertex in N X (v) sends no charge to v, then f 1 is a 4 + -face by (3), and v receives at least 1 5 from each of another two 7-vertices by R1.2 and R2.5, it follows that ch ′ (v) ≥ ch(v) − 1 5 × 3 + 1 5 × 2 + 1 2 > 0; Otherwise there are three 7-vertices in N X (v) each of which sends at least 1 5 to v by R1.2 and R2.5, it
If δ X (v) = 7, then ch ′ (v) ≥ ch(v) > 0. Suppose that δ X (v) = 6. If v sends 1 3 to a 6-vertex u of G, then there is a 3-vertex w ∈ N X (u) and it follows from (c) and (d) that v is adjacent to six hi-vertices and then ch ′ (v) ≥ ch(v) − 1 3 > 0 by R2.5; Otherwise each 6-vertex in N X (v) receives at most 1 5 from
If v sends 1 3 to a 5-vertex u, then there is a 4-vertex w ∈ N X (u) and it follows from (c) that every neighbor of v except u and w is a hi-vertex, and then
then v sends at most 2 5 to each 6 − -vertices in N X (v) by R2.4 and R2.5, and then ch
Then v is incident with a (5, 5, 7)-face (u, w, v) by R2.4, and it follows from (3) that there are at most one 6 − -vertex in
Then v is adjacent to four hi-vertices by (d). If v sends 2 3 to a 4-vertex u, then there is a 5-vertex w ∈ N X (u) and it follows from (c) that every neighbor of v except u and w is a hi-vertex, and then ch ′ (v) ≥ ch(v) − Then v is adjacent to five hi-vertices by (d). If there two 3vertices u 1 , u 2 in N X (v), then vu 1 and vu 2 are incident with no 3-faces by (1) and it follows that v sends at most 1 2 × 2 to u 1 and u 2 by R2.2; Otherwise, let u ∈ N X (v) be the unique 3-vertex. If v sends 1 to it from R2.2, then v sends no other charge (since by (1), there is no 4-vertex in N X (v) and if N X (v) contains a 5-vertex u then uv is incident with at least one 4 + -face); Otherwise v sends at most 1 2 to each of the two neighbors of v of degree at most six. In either case, v sends out at most 1.
Let Z be the set of vertices adjacent to v and incident with f 0 . Since d G (v) ≥ 3, |Z| ≥ 2.
If |Z ∩ Y | ≥ 2, then v receives at least 2 totally from N Y (v). If |Z\Y | = 1, then f 0 sends 1
to v and N Y (v) sends 1 to v. If |Z\Y | = 2, then f 0 sends 2 to x. So v receives at least 2 totally from f 0 and N Y (v).
Then δ X (v) ≥ 6 and there is at most one 6- 
then v is incident with a 4 + -face and it follows that
then v receives at least 1 from f 0 by R1.1, at least 1 2 from u by R2.2 and it follows that ch ′ (v) ≥ ch(v) + 2 + 1 + 1 2 > 0; Otherwise, if uv is incident with two 3-faces, then v receives 1 from u by R2.2 and it follow that ch ′ (v) ≥ ch(v) + 2 + 1 = 0; Otherwise, v receives at least 1 2 from u by R2.2 and at least 1 2 + 1 4 from a 4 + -face incident with uv by R1.2, so
and vx be incident with f 0 . If vy is also incident with f 0 , then v receives 2 from f 0 , 1 from u, 
Then v receives 2 from f 0 by R1.1, receives totally at least 2 from its neighbors and faces incident with uv by the similar argument as above, so ch ′ (v) ≥ ch(v) + 2 + 2 > 0. Hence we complete the proof of the lemma.
Let G be a connected graph, T be a tree, and F = {V t ⊆ V (G) : t ∈ V (T )} be a family of subsets of V (G). The ordered set (T, F ) is called a tree-decomposition of G if it satisfies the following conditions:
(T2) for any edge e ∈ E(G), there exists a vertex t ∈ V (T ) such that the two end vertices of e are included in V t ;
For any adjacent vertices s and t in T , V s ∩ V t form a vertex cut of G, called as a separate set of the tree decomposition. The graph G t = G[V t ] for any t ∈ V (T ) is called a part of the tree-decomposition. If the induced subgraph of any separate set of the tree-decomposition is a complete graph, the tree decomposition is called simple. If any separate set of a simple tree-decomposition has at most k vertices, the tree decomposition is called k-simple.
Lemma 2.2. [10]
Let G be an edge-maximal graph without a K 5 minor. If |V (G)| ≥ 4, then G has a 3-simple tree-decomposition (T, F ) such that each part is a planar triangulation or the Wagner graph W (see Figure 1 ).
Figure 1: The Wagner graph W
The lemma implies that every K 5 -minor free graph has a tree-decomposition (T, F ) such that each part is a planar graph or the Wagner graph and each separate set has size at most 3. (N G ({x, y}) )\{x, y} is a 7-vertex of G.
Then G contains a vertex x satisfying one of the following conditions:
(1) x is adjacent to two vertices y, z such that d G (z) < 16 − d G (x) − d G (y) and xz is incident with at least d G (x) + d G (y) − 9 triangles not containing y;
(2) x is adjacent to four vertices v, w, y, z such that d G (w) ≤ 5, d G (z) = 5, d G (y) = 5, and vwx and xyz are triangles; Let
, y ∈ S 12 and xy ∈ E(G)}. Without loss of generality, we assume that G ′ 1 is connected( for otherwise we can consider a connected component of G ′ 1 ). If |V (G ′ 1 )| ≥ 2, then it follows from Lemma 2.1 that G contains a vertex satisfying the lemma, a contradiction. If |V (G ′ 1 )| = 1 and |S 12 | ≤ 2, then δ(G) ≤ 2, a contradiction to (a). So |V (G ′ 1 )| = 1 and |S 12 | = 3, that is, G * 1 is a star of
Since |S 12 | = 3, G v 2 is a planar graph. Let K = G v 2 ∪{xy| x, y ∈ S 12 and xy / ∈ G v 2 }. Then K is also a planar graph. We embed K into the plane such that By (1), we have u i u j / ∈ E(G) for any 1 ≤ i < j ≤ 3, that is, {u 1 , u 2 , u 3 } is an independent set of G. By (b), we have that d G (u i ) = 7 and all vertices of N G (u i )\{u, w} are 7-vertices for any 1 ≤ i ≤ 3. Let G ′ = G\{u, w} + {u 1 u 2 , u 2 u 3 , u 3 u 1 }(G ′ is obtained from G by contracting edge uu 1 and wu 2 ). So G ′ is also a K 5 -minor free graph and is a counterexample. Since |V (G ′ )| < |V (G)|, it is a contradiction. We complete the proof of the lemma.
3 The proof of Theorem1.1
In investigating graph edge coloring problems, critical graphs always play an important role. This is due to the fact that problems for graphs in general may often be reduced to problems for critical graphs whose structure is more restricted. A connected graph G is critical if it is class 2, and χ ′ (G − e) < χ ′ (G) for any edge e ∈ E(G). A critical graph with the maximum degree ∆ is called a ∆-critical graph. It is clear that every critical graph is 2-connected.
Before the proof of our main result, we give some structure lemmas of critical graphs as follows. (a) If k < ∆, then u is adjacent to at least ∆ − k + 1 vertices of degree ∆;
(b) If k = ∆, then u is adjacent to at least two vertices of degree ∆.
From the above Lemma, it is easy to get the following corollary. However, such vertex x does not exist according to Lemma 3.3-3.5, a contradiction. We complete the proof of Theorem 1.1.
Concluding remarks
In this paper, we showed that every K 5 -minor free graph with maximum degree ∆ ≥ 7 is class 1. The idea of the proof of the main theorem can be extended into other colorings of K 5 -minor free graphs. It is natural to investigate other graph coloring problems for K 5 -minor free graphs. Furthermore, for edge coloring problem, we know that there exist graphs of class 2 with maximum degree at most five. As an extension for planar graphs with maximum degree six, we propose the following conjecture for K 5 -minor free graphs.
Conjecture 4.1. Let G be a K 5 -minor free graph with maximum degree ∆ = 6. Then G is class 1.
